We present a detailed theoretical study of the effects of structural disorder on LN photonic crystal slab cavities, ranging from short to long length scales (N =3-35 cavity lengths), using a fully three-dimensional Bloch mode expansion technique. We compute the optical density of states (DOS), quality factors and effective mode volumes of the cavity modes, with and without disorder, and compare with the localized modes of the corresponding disordered photonic crystal waveguide. We demonstrate how the quality factors and effective mode volumes saturate at a specific cavity length and become bounded by the corresponding values of the Anderson modes appearing in the disordered waveguide. By means of the intensity fluctuation criterion, we observe Anderson-like localization for cavity lengths larger than around L31, and show that the field confinement in the disordered LN cavities is mainly determined by the local characteristics of the structural disorder as long as the confinement region is far enough from the cavity mirrors and the effective mode localization length is much smaller than the cavity length; under this regime, the disordered cavity system becomes insensitive to changes in the cavity boundaries and a good agreement with the intensity fluctuation criterion is found for localization. Surprisingly, we find that the Anderson-like localized 1
modes do not appear as new disorder-induced resonances in the main spectral region of the LN cavity modes, and, moreover, the disordered DOS enhancement is largest for the disordered waveguide system with the same length. These results are fundamentally interesting for applications such as lasing and cavity-QED, and provide new insights into the role of the boundary condition (e.g., open versus mirrors) on finite-size slowlight waveguides. They also point out the clear failure of using models based on the cavity boundaries/mirrors and a single slow-light Bloch mode to describe cavity systems with large N, which has been common practise.
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Anderson localization, Disordered photonics, LN cavities, Photonic crystals, Disordered waveguides For more than a decade, unavoidable imperfections arising in the fabrication process of photonic crystal slabs (PCSs) have been shown to have a major influence on the optical performance of PCS-based structures, and an accurate consideration of their effects on the optical properties of PCS devices has been the focus of intense research. Most of these studies have focused on smaller PCS cavities [1] [2] [3] [4] and extended PCS waveguides, in both linear [5] [6] [7] and non-linear media, [8] [9] [10] [11] where such imperfections are usually understood as a small amount of intrinsic disorder. 12 Disorder in PCS waveguides is known to be quite rich, and has the capability of inducing phase transitions from extended to localized states; 13 in addition, multiple coherent back-scattering phenomena leads to the spontaneous formation of random cavities and the system enters into a simple 1D-like Anderson localization regime. [14] [15] [16] Such phenomena are intensified near to the band-edges of the guided modes, i.e., in the slow-light regime,
where the back-scattering losses increases approximately as 1/v 2 g (with v g the group velocity). 17 Interestingly, these unavoidable problems created by random imperfections in PCS waveguides have recently motivated novel approaches in which disorder is required in order to the system works into the desired regime; for instance, recent and important examples are the enhancement of photonic transport in disordered superlattices,high-Q cavity modes 19, 20 (where Q is the quality factor), disordered light-matter interaction with applications in cavity-QED, 21, 22 and open transmission channels in strongly scattering media to control light-matter interactions. [23] [24] [25] On the other hand, effects of disorder-induced scattering on PCS cavities have shown to affect mostly the optical quality factor of the cavity modes and induce small fluctuations (in comparison to the Q fluctuations) on their resonant frequencies. 4 These aforementioned studies, in the case of cavities, have been mainly limited to small cavities (such as the L3) whose effective sizes are no more than a few periods of the underlying photonic lattice, leading to cavity resonances which fall far from the W 1 waveguide (a complete row of missing holes) band-edge, i.e., the corresponding system without the cavity mirrors. Nevertheless, recent experiments in slow-light PC lasers show clear evidence that the effects of disorder on large LN PCS cavities (with N the number of missing holes along the waveguide lattice) are not trivial and poorly misunderstood; 26 the lower-frequency cavity modes, which contribute dominantly to the lasing phenomenon, have resonances that approach the corresponding waveguide band-edge for increasing cavity length, leading to a more sensitive response of those modes to unintentional structural imperfections. Additional localization effects, connected with ideas of Sajeev John's work on localization in light-scattering media, 15 are consequently expected, however, the role of the Anderson phenomenon in such large cavities is not well understood yet, since the non-disordered mode is bounded by the cavity mirrors (the end facet regions of the waveguide); therefore, this is not a truly extended mode that could become a localized state when disorder is introduced in the system.
In the present paper, by making a direct comparison with the disordered waveguide system (namely, without the cavity mirrors), we present an intuitive and detailed explanation of how to approach the Anderson-like localization phenomenon in these longer-length LN PCS cavities, which, to the best of our knowledge, has not been addressed in previous works.
For our full vectorial 3D calculations, we use the Bloch mode expansion method (BME) 27 and a photon Green function formalism 28 to study the disordered LN PCS cavities; in particular, we consider random fluctuations of the in-plane hole positions, with Gaussian probability, as the main disorder contribution to the system, and the corresponding standard variation σ of the Gaussian distribution as the main disorder parameter. We show in Figure 1 disorder realizations of the L7 cavity for σ = 0.01a, σ = 0.02a and σ = 0.05a, i.e., 1%, 2% and 5% of the PC lattice parameter, respectively. The non-disordered (ideal) holes are represented by filled dark-gray circles, while the disordered ones are represented by transparent red circles. By considering σ = 0.01a, i.e., a typical value between typical amounts of intrinsic and deliberate disorder, we compute the optical density of states (DOS) to characterize the spectral properties of the ordered and disordered cavities. We find that additional resonances, namely, different from the ones computed in the non-disordered system, do not appear due to disorder in the cavity mode spectral region, and the corresponding DOS enhancement in the waveguide system (i.e., with no cavity mirrors) is found to be similar to the ones of the largest LN cavities and larger than the ones calculated for the small cavity lengths.
We also show that the cavity mode Q factors naturally saturate at a specific cavity length rather than become maximized as previously suggested in Ref. 26 , and the saturation value is bounded by the Anderson modes of the corresponding disordered W 1 waveguide. In addition, we identify an equivalent behavior for the effective mode volumes, which leads to a reduction of the localization length of the cavity modes; therefore, we find that in general two important effects must be taken into account in disordered LN cavities: disorder-induced losses and disorder-induced localization. By means of the intensity fluctuation criterion, commonly employed in disordered photonics, 21, 22, 29, 30 we assess the Anderson localization phenomenon in the disordered slab cavities and observe Anderson-like localization for cavity lengths equal or larger than L31. Moreover, in order to understand the role of the cavity boundary conditions on this phenomenon, we also systematically study the properties of the cavity's fundamental mode for different cavity lengths (ranging from L3 to L35) and compare with the fundamental disorder-induced mode of the disordered W 1 waveguide system (which Figure 1 : Top view of a disordered L7 cavity for disorder magnitudes of 1%, 2% and 5% of the PC lattice parameter. The non-disorder (ideal) profile is represented by filled dark-gray circles, while the disordered one is represented by transparent red circles.
has completely different boundary conditions).
We also show that, in presence of disorder and under certain conditions, the field confinement inside the cavity region is mainly determined by the local characteristics of the structural disorder and the cavity mirrors do not play an important role in the disordered photonic mode; under this regime, the light confinement displays similar behavior to the ones seen in disordered waveguides, thus suggesting Anderson-like localization in disordered cavities with large N. Importantly, since the modal properties become insensitive to the cavity boundary condition, this clearly leads to the breakdown of the single slow-light mode approximation, previously employed to study PCS cavities, 26, 31 in the disordered long-cavity regime.
The rest of our paper is organized as follows. In Sec. we briefly review the BME method 
Theoretical method
Large size disordered PCS can be efficiently described by the Bloch Mode Expansion method (BME) under the low loss regime. 27, 28 To use the BME approach, the disordered magnetic field, H β (r), is expanded in the magnetic field Bloch modes of the non-disordered (ideal)
structure, H kn (r), with expansion coefficients U β (k, n):
where k and n are the wave vector and band index, respectively, in the first Brillouin zone of the non-disordered structure. Assuming linear, isotropic, non-magnetic, transparent (lossless), and non-dispersive materials, the time-independent Maxwell equations take the form of the following eigenvalue problem when the expansion of Eq. (1) is considered:
with disordered matrix elements
The integral of Eq. (3) is computed in the total supercell of the disordered photonic structure and η(r) is defined as the difference between the disordered and the non-disordered profiles:
The matrix elements of Eq. (3) are conveniently computed from the guided mode expansion (GME) approximation, 32 where the Bloch modes of the non-disordered structure are expanded in the eigenmodes of the effective homogeneous slab. In addition, we employ the so-called photonic "golden rule" 33 to estimate the out-of-plane losses, in which the transition probability Γ β from a disordered mode |H β to a radiative mode |H rad (above the light line of the slab) is computed and weighted with the radiative density of states ρ rad , so that
whereΘ
is the Maxwell operator associated to the disordered profile. The imaginary part of the frequency, Ω β = Γ β /(2ω β ), obtained through the golden rule in Eq. (5), and its real part, ω β , determine the optical quality factor of the cavity mode, Q β = ω β /(2Ω β ). Once the magnetic field of the system is obtained from Eq. (2), the electric field of the disordered mode is computed via
which is then normalized through
The effective mode volume can be defined as
where r 0 is usually taken at the antinode position of the electric field peak.
One advantage of the BME method (which is a full 3D approach for slabs) is that it is capable of describing a large volume supercell using the basis of a small supercell or unit cell. Such big supercells can be associated to a system with any degree of disorder, or even to a non-disordered one. In particular, we employ the basis of the W 1 waveguide, defined in a one-period (x direction) supercell, to describe the LN cavity system defined in a supercell of 70 periods (x direction). Both systems have the same size along the y direction which is 9 √ 3a. We have verified that this supercell of dimensions 70a × 9 √ 3a is large enough to achieve the convergence of the cavity modes and to avoid non-physical behavior coming from residual coupling between cavities at neighboring supercells. Using the GME approach, we solve the a×9 √ 3a W 1 waveguide, the basis of our LN cavity system, by considering the same parameters of Ref. 26 , i.e., refractive index n = 3.17 (InP), lattice parameter a = 438 nm, slab thickness d = 250 nm and hole radii r = 0.25a. The projected band structure is shown in Figure 2 . Here we have employed 437 plane waves and 1 guided TE mode in the GME basis. Figure 2 determines the basis to be used into the BME approach, in particular, we consider l bands and 70 k points, uniformly distributed within the first Brillouin zone, to solve the eigenvalue problem of Eq. (2). It is well known that the BME method is quite suitable to optimize large disordered structures 27 and provides a fast convergence for the eigenvalues of Eq. (2), nevertheless, the convergence of the quality factor as a function of the number of bands has been shown to be slow in PCS cavities. 4 We have carried out convergence tests with the non-disordered and disordered cavities and found that l = 200 is enough to accurately describe the system with a maximum overall error of 0.05% and 10%
for the resonant frequencies and quality factors, respectively, with respect to the convergent Figure 2 : The GME projected band structure of the a × 9 √ 3a W 1 PCS waveguide; 200 bands (black curves) are considered in the BME approach.
values.
Non-disordered LN cavities
In order to understand the effects of structural disorder on large LN PCS cavities, we first study the non-disordered or ideal lattice system employing the BME approach, where the cavity profile takes the place of the disordered one in Eq. (4) . Figure 3 shows the computed results. The cavity resonances as a function of the cavity length are displayed in Figure 3a, where one clearly sees a frequency redshift for increasing cavity lengths. Interestingly, the fundamental mode frequency tends to the fundamental W 1 band-edge, which is predicted at 189.8 THz from our GME calculations; such trend can be understood given the geometry of the system, i.e., large cavities resemble the waveguide system, and consequently, in the limit of N → ∞ the fundamental cavity resonance has to be exactly 189.8 THz. The fundamental cavity mode is then the one which is expected to be more sensitive to disorder effects for larger cavity lengths; the strong back-scattering occurring close to the band-edge frequency in the presence of disorder leads to additional localization effects coming from the interplay between order and disorder into the Sajeev John localization phenomenon. 15 These results are also in very good agreement with previous experimental measurements in InP LN cavities, with N ranging from 2 to 20; 26 the modal curves M1, M2, M3, M4 and M5 have exactly the same behavior. We also show, in Figure 3b , the optical out-of-plane quality factors, of the first 4 cavity modes, computed with Eq. (5) as a function of the cavity length. The quality factors of the modes increase for increasing length and those modes whose trend is to fall below the W 1 light line for very large cavity length are expected to have an unbounded fast increasing of Q; and those ones which tend to fall above the light line are expected to have a finite Q in the waveguide limit. Evidently, the fundamental cavity mode, M1, displays the largest quality factor (from all the computed modes) given its the trend to approach the fundamental W 1 band-edge for increasing cavity lengths. These BME Q factors are in very good agreement with recent FDTD calculations in non-disordered LN cavities ranging from L5 to L15. 34 Correspondingly, we have computed the effective mode volumes of these cavity modes and these are shown in Figure 3c . The mode volumes, which are proportional to the localization length of the cavity modes, display an approximately linear increasing for increasing cavity length, recovering the infinite mode volume value (or localization length)
in the non-disordered waveguide regime.
With the aim of studying in more detail the spectral properties of the LN cavities we also analyze the DOS of the system, which can be computed using the photonic Green function formalism. The transverse Green's function of the system is expanded in the basis of photonic normal modes
whereω β = ω β − iΩ β is the complex frequency of the mode β and the electric field is subject to the normalization condition of Eq. (8). Since we are dealing with high Q resonators, in the present formulation we neglect the quasinormal mode aspects of the cavity modes, therefore, the Green's function of Eq. (10) and the mode volume definition in Eq. (9) converge and are expected to be an excellent approximation. 36, 37 The local DOS of the system is defined as
where the operation Tr[ ] represents the trace over the three orthogonal spatial directions.
By integrating Eq. (11) over all space (total DOS), it can be shown that, in units of Purcell factor (which gives the enhancement factor of a dipole emitter), i.e., over the bulk DOS
, the DOS of the system can be written as:
where ǫ is the bulk/slab dielectric constant (associated to InP in our case). Figure 4 shows the computed DOS in a log-scale for the L7, L11, L15, L21 and L29 cavities, and the band structure of the W 1 is shown in bottom where the shaded gray regions enclose the TE-like photonic band gap of the W 1 PC. The frequency region of interest, 189.5 to 200 THz [same of Figure 3(a) ], is shaded in light-blue. As expected from results of Figure 3 , the DOS intensity increases, with deceasing peak-width, for increasing cavity length at the cavity mode frequencies (at resonance with the cavity mode β the DOS is proportional to Q β ), and the frequency spacing between the peaks decreases as N increases. Since smaller LN cavities lead to smaller average refractive index in the PC slab (more holes), the photonic 
m ) of the m-th hole, we consider random fluctuations δ with Gaussian probability within the BME supercell:
where (x m , y m ) is the fluctuated position. We adopt the standard deviation of the Gaussian probability distribution σ = σ x = σ y as our disorder parameter. In the present work, we set a medium quantity of structural disorder σ = 0.01a, i.e., 1% of the lattice parameter, corresponding to a disorder magnitude which is between typical amounts of intrinsic and deliberate disorder values that have been used previously. 38 In all the disordered cases that will be shown below, we have considered 20 independent statistical realizations of the disordered system, and we have verified that this number of instances is enough to describe the main physics of the disordered PCS structure.
In 5a, we show the averaged DOS over 20 statistical realizations of the disordered system for the L7, L11, L15, L21, L29 cavities and the W 1 system. The projected band structure of the non-disordered W 1 waveguide is also shown inside the reduced Brillouin zone and, as in Figure 4 , the shaded gray regions enclose the TE-like photonic band gap of the waveguide. considered, the quality factors of the cavity modes are reduced (as expected), and those modes which are closer to the band-edge of the waveguide, i.e., in the slow-light regime, are much more sensitive to disorder effects, as is the case of the fundamental cavity mode M 1 (red curve), which decreases from ∼ 938×10 4 (see Figure 3b ) to ∼ 27×10 4 for the L35 cavity, and the second mode M 2 (blue curve) decreases from ∼ 225 × 10 4 (see Figure 3b ) to ∼ 27 × 10 included in Figure 7a ) we see that such a reduction is less strong for those modes which are not close to the waveguide band-edge, i.e., far from the slow-light regime. Moreover, we have not identified any specific cavity length at which the quality factor is maximized when disorder is considered, which was previously suggested in Ref. 26 as a possible explanation of the threshold minimization in slow-light PC lasers (when the cavity length was increased).
In contrast, we have found that the quality factor increases for increasing cavity length and eventually saturates, with small oscillations, below the averaged Q of the Anderson modes of the corresponding waveguide system. Since the mean quality factor of such Anderson modes depends on the degree of disorder, the cavity length at which the mean Q saturates also depends on the specific value of σ, implying that the Q performance of the cavities is In order to assess the quasi-1D Anderson localization phenomenon in the disordered LN cavity system, a clear broadening of the intensity distribution has to be seen with respect to the Rayleigh distribution. 29 Given the proportionality between the vertical emitted intensity with the local DOS through the out-of-plane radiative decay, 22, 38 we employ the local DOS fluctuations to obtain the intensity fluctuations, i.e., Var (I/ I ) = is then computed by employing the local DOS of all disordered realizations along the cavity direction, ρ(x, y = 0, z = 0, ω), averaged over the desired frequency range. 30 We show in 
Role of the cavity boundary conditions
The apparent saturation of Q and V in Figure 7a and Figure 7b suggests that when disorder is considered, on average, there is a minimum cavity length at which the boundary cavity condition is not fundamentally relevant to the cavity mode. In order to address the role of the cavity boundaries on the mode confinement, we now systematically study the DOS and the field profiles for several cavity lengths using exactly the same disorder realization, i.e., the same distribution of disordered holes. Results of this analysis are shown in Figure 9 .
The DOS associated to the fundamental mode is displayed in Figure 9a for the L5, L15, L21, L29, L35 cavities and the fundamental disorder-induced mode of the disordered W 1 waveguide, i.e., the lower frequency mode appearing in the diagonalization within the TElike band gap of the W 1 PC slab, which we have denoted as M 1-W 1. The frequency difference between the fundamental modes of the different cavities decreases for increasing cavity length (as expected from Figure 6 ) and, as already seen in the averaged DOS of Figure 5a , the intensity of the DOS is largest for the mode M 1-W 1 and quite similar to the corresponding intensity for cavity lengths larger than L21. We also show in Figure 9b , Figure 9c and Figure 9d the frequency, quality factor and effective mode volume (including the localization length), respectively, of the fundamental cavity mode, M 1, as a function of for Anderson localization in semiconductors; 44 here, we also found a very good agreement with the intensity fluctuations criterion employed in disordered photonics, thus reinforcing our conclusions.
As a consequence of these results, we highlight that models based on the cavity boundaries and single slow-light Bloch modes to describe cavity modes with large N, as it is the case of the effective Fabry-Pérot resonator, 26,31 will be problematic for predicting the behavior of Anderson-like localized modes inside the disordered cavity region. The main reason, as addressed above, is that the confined state cannot in general be understood as two counterpropagating Bloch modes reflecting between the two cavity mirrors, since the confined mode does not necessarily feel the cavity boundaries when the system falls into the Andersonlike localization regime, i.e., when the slow-light Bloch modes are subject to several strong back-reflections originated in the local distribution of disordered holes.
Conclusions
We have presented a detailed study of the effects of structural disorder on PCS LN cavity modes by employing a fully 3D BME approach and Green function formalism. By considering in-plane σ magnitudes, which are between typical amounts of intrinsic and deliberate disorder, we found, on the one hand, that disorder induces fluctuations in the fundamental resonance frequencies and no new additional modes appear in the usual cavity spectral region of interest. However, disorder has a strong influence on the quality factor and mode volume of these modes, especially for longer length cavities. We also studied the onset of localization modes for the cavity structures, over a wide range of cavity lengths and frequencies; interestingly, our averaged DOS results suggest that the Anderson-modes of the disordered slow-light waveguides are as good or even better than non-optimized disordered LN cavities in terms of enhancing the total DOS, which opens new possibilities on designing high quality disordered modes, e.g., by taking the disordered profile as an improved design, that could surpass the performance of state-of-the-art engineered PCS cavities-which has been recently demonstrated experimentally. 45 Furthermore, we have found that the mean mode quality factors and respectively mean effective mode volumes saturate for a specific cavity length scale (which depends on the disorder parameter), and they are bounded by the averages of the Anderson modes in the corresponding W 1 waveguide system. Next, we have shown that: (i) the quality factor is not maximized at a specific length in disordered LN calization for cavity lengths equal or larger than L31. In order to further understand the role of the cavity boundary conditions on the cavity mode confinement, we also systematically studied the effects of the cavity mirrors on the fundamental cavity mode (which is usually the most relevant one for practical applications); we found that as long as the confinement region is far from the cavity boundaries and the effective mode localization length is much smaller than the cavity length, the photonic confinement is mainly determined by Andersonlike localization and the mirrors of the cavity do not play an important role on the definition of the resonant frequency, quality factor and effective volume of the mode in system; this finding is significant as these are the key quantities to understand the light-matter coupling parameters in numerous applications such as lasing, sensing, nonlinear optics and cavity-
